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Vorticity Equation Solutions for Slender
Wings at High Incidence
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and
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A new approximate model for the viscous flow around slender wing or body shapes at high angles of attack
is presented. The present theory assumes that the flow over a slender shape can be divided into an inner, viscous
part that is described by the vorticity equation and a matching outer potential part. At present, incompressible
flow conditions are assumed. The parabolization of the problem that results from these assumptions allows one
to obtain a fast plane-marching solution scheme. The analysis shows that the Sychev geometric similarity
parameter applies to the present viscous flow model and not only to the inviscid models. The present theory
supports the implusive start flow analogy. In the particular case of slender delta wings, the present theory yields
expressions similar to those of the Polhamus suction analogy for the lift coefficient. The feasibility of the present
method is tested on a number of delta wings with flat elliptical cross sections, using several Sychev similarity
parameters at Reynolds numbers of O (10°) based on the wing root chord and the freestream velocity. Results
include aerodynamic coefficients, surface pressure distributions, and velocity field as well as vorticity contours
in crossflow planes. Very good agreement is obtained between the calculated aerodynamic coefficients -and
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experimental data.

Introduction

IGH angle of attack, subsonic flow calculations of slen-

der wings and bodies that include separated vortex flow
regions are one of the main challenges of present computa-
tional fluid dynamics (CFD) methods. Computational meth-
ods based on potential flow assumptions have been used ex-
tensively since the early days of modern computers to
approximate separated vortex flows. These methods yield ac-
ceptable engineering results as long as the separation is well
defined and not sensitive to viscous effects, as in the case of a
sharp leading edge of a slender delta wing. With the growing
capacity and performance of computers, inviscid solutions for
the Euler equations have become available. Euler solvers are
also limited by the inviscid flow assumption. As a result, the
process of vorticity generation and diffusion from a smooth
surface is not well defined and the solution in such a case is
shown to be controlled by the artificial viscosity introduced
into the numerical scheme.!-? The inherent limitations of the
. inviscid flow models and the further increase in computer
performance encouraged the development of numerical codes
that solve viscous flow models. Within this framework, much
progress has been achieved lately in solving fully developed
vortex flows over slender wings, with the introduction of
solvers to the full Navier-Stokes equations® and also to their
thin-layer approximation.>* In Refs. 5 and 6, the incompress-
ible flowfield over a delta and double delta wing is solved by
adding an artificial time derivative of the pressure to the
continuity equation. Consequently, the derived set of equa-
tions is integrated like a conventional, parabolic time depen-
dent set. A typical computation of a round-edge delta wing is
-reported to take about 37 pus per grid point per iteration on a
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CDC Cyber 205 machine, with 572,000 total number of grid
points and 400 global iterations needed to solve the case. Ref.
1 solves the Navier-Stokes equations for a laminar compress-
ible flow over round edge delta wings using the finite volume
approach and a mesh of 411,000 points consuming 23 us per
grid point per time step on a similar machine (overall number
of time steps not reported). A different class of solutions is
available via the thin-layer approximation of Navier-Stokes
equations, where the normal derivative in the diffusion term is
retained. Such a method is used in Refs. 4 and 7 to solve
similar cases using a mesh of 854,000 grid points, with typi-
cally 2000 global iterations that take 20 us per grid point per
iteration on a single processor Cray 2 machine or 8.6 us on an
Amdahl 1200, putting it in the same class as the previous two
methods.

In view of these details, it seems that ‘‘the full Navier-
Stokes solutions have not yet reached the stage at which the
restrictions on computational speed and storage can be ig-
nored.””? It turns out that, in order to bridge over these com-
putational restrictions, a relatively fast and reliable approxi-
mate viscous solution is needed, one that can be used as an
engineering tool. The scope of such approximate solutions is
to obtain relatively fast and satisfactory answers, usually sac-
rificing some accuracy and sometimes being limited in appli-
cability to certain families of geometrical shapes (such as
slender wings and bodies). The main efforts should be devoted
in this context to reduce the number of global iterations and to
store less data planes. »

The Parabolized Navier-Stokes (PNS) method, for exam-
ple, is widely used for computing steady-state solutions be-
cause by neglecting the derivatives of the streamwise diffusion
terms, the reduced form resembles a set of parabolic equations
in space. This method is very useful when dealing with super-
sonic flow, where the physical behavior of the equations be-
comes parabolic/hyperbolic. However the PNS method is al-
most as expensive as the full Navier-Stokes code when solving
a subsonic flow regime. In that case, a global iteration method
is still required to convey the elliptic behavior of the flowfield.
Typically, such computations require several hundreds of
global iterations to achieve convergence, depending on the
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geometric shape.® This limitation is removed in Ref. 9 by
deriving a nonelliptic set of equations that can be treated as an
initial/boundary value problem, where only one global itera-
tion is needed to obtain the solution in the subsonic case. This
method yields satisfactory results for the inner flowfield in a
duct and it encourages us to look for a similar approach to
solve certain types of external flow problems.

The main motivation of the present study is to develop a
fast and reliable approximate method to solve the subsonic
vortical flow .around slender configurations that can be used
as an engineering tool. The present method is based on a new
approximate model for the viscous flow around slender wings
or body shapes at high angles of attack. The main assumption
underlying the present theory is that the flow over a slender
shape can be divided into an inner, viscous part that is de-
scribed by the vorticity equation and a matching outer, poten-
tial part. The parabolization of the problem that results from
these assumptions allows one to obtain a relatively fast plane-
marching solution. One of the main features of the new model

that emerges from the analysis is that the Sychev geometry

similarity parameter!® used by Refs. 11-13 within an inviscid
slender wing or body model is also valid for the new viscous
slender wing (or body) theory. Moreover, it transpires that for
the first-order approximation, the inner, viscous flowfield
generated by a slender configuration is of nonelliptic nature.
The ellipticity of the physical phenomena is weakly introduced
by the outer potertial part of the flow, through the thickness
effect of the body. The nonelliptic equations derived in the
present theory reduce the amount of computational work.
They do not require an intensive global iteration process, and
the problem can be treated as an initial/boundary value prob-
lem.

At present the computations are for incompressible, steady
flow solutions. However, the present theory can be extended
to compressible as well as unsteady flows.

Theory

The vorticity generated along the leading edge of a slender
wing is diffused and advected by the flow, generating a well-
developed vortical region above the wing whose center may be
defined by r, = O(z - tana)(Fig. 1). Slenderness of both wing
and vortex (b,.o./L < 1) reduces the Navier-Stokes equations
to the nondimensional form:
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where 7= Uytcos a/L, and the crossflow velocities u,v are
normalized by U,sina, whereas the axial velocity w is normal-
ized by U,cosa. The Reynolds number is defined as
Re = U,bsina/v, and A, known as the Sychev geometry simi-
larity parameter, is defined as A = §/tana, where 6= b/L
(slenderness ratio). The coordinates x,y are scaled by
b = bye/2, whereas z is normalized by L, and v2 =32 + 82.
Note that the definition of the Sychev parameter A here is
slightly different from that of Refs. 12 and 13. The system of
Eqgs. (1) describes the inner, viscous flow domain close to the
wing including the leading-edge vortex. In this domain, the
vorticity is generated and advected downstream. The solution
of Egs. (1) in this domain has to be matched to a potential
flow solution in the outer flow domain (outer solution), where
almost no vorticity exists. This matching will yield the neces-
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Fig. 1 Slender wing axes and notation.

sary boundary condition for the pressure, introducing the
elliptic behavior of the subsonic flowfield. Consequently, the
set of Eqgs. (1) with the proper boundary conditions that are
found by the matching process determines the inner solution.
In the absence of an axial pressure gradient, the system of Eqgs.
(1) is of nonelliptic nature,” making it attractive for PNS
solvers. In the case of incompressible flow, it is convenient to
introduce an equivalent set of equations using vorticity vector
components as part of the variable system and retaining only
first-order terms:
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Here, Q; = (2,,9,,Q,) is the vorticity vector, with Q, = 3,v
— d,u being its axial component, 2, = d.,u and Q, = ~ 3.,
u; = (u, v, A\w) is the velocity vector; and x; = (x, y, z) is the
vector of the coordinates. The third equation is the incom-
pressible continuity equation. The crossflow velocity compo-
nents can be defined using a vector potential notation:?

W
u= -3 L3 ax (3a)
_% 09
“ox t dy (35)

Using this notation, the continuity equation together with
the definition of ©, yield

Vip= — )\Z—w (“a)
v =9 (4b)

On the solid surface, a no-slip condition is assumed, defin-
ing the boundary condition for  and ¢. Since y represents the-
vortical area, the free constant of ¥ can be chosen arbitrarily
without violating the definition of the velocity (Egs. 3). In this
case, the free constant is chosen to be zero, where for large
r=~x2+y2, ¢ is assumed to behave asymptotically as a
multipole. Bearing in mind that the solution of the last set
equations must match the far-field boundary condition, the
resulting solution has the form of a potential source distribu- .
tion along the z-axis, describing the thickness effect of the
planform. This source term is analogous to the one obtained
in the classical slender-body theory and it is described by

A dA
lim ¢ = y+2—a—!3nr+g(z) %)
r — o
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where A is the cross-sectional area and r = vx2 + y2. The
function g(z) is obtained by matching the inner and the outer
solutions, resulting in'4

@ e 1 _
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1 3
+o j o(§)n(§ — 2)d§ — —U(I)Bn(l - z)} ©

where o(z) = 3,4. It is worth noting that no coupling exists
between the free constant g(z) of ¢ and the stream function of
¥ for the first-order approximation.

The asymptotic behavior of the pressure distribution in the
inner region is found to be

d¢
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z

This expression can be used as the far-field pressure boundary
condition.

Note that the chordwise free constant g(z) introduces the
elliptic influence of the outer potential flow, including the
pressure term. For the first-order approximation, the free
constant g(z) is a function of the body thickness alone. The
presence of the term &d breaks the similarity with respect to
the Sychev parameter because the pressure distribution is
weakly dependent on 6. However, this dependency does not
enter the expressions for the lift or pitching moment coeffi-
cients (in a fashion similar to classical slender-body theory)
since the pressure can be written as p = p* — py(z), where only
Do depends on g(z). In the present work, thickness effect is
neglected, so g(z) is zero. In some sense, this constant is
equivalent to the free constant obtained by Ref. 9, when
applying the global mass conservation principle.

The set of Eq. 1-3, together with the boundary conditions,
completely determine the solution of a slender configuration
at high angle of attack. The main advantage of this set of
equations is its nonelliptic form. In other words, only one
global iteration is required in order to obtain the solution
because the problem can be treated as an initial/boundary
value problem.? Another point of interest can be found in the
fact that both lift and pitching moment coefficients are func-
tions of the Sychev parameter as well as the crossflow Rey-
nolds number. This fact essentially extends the applicability of
Sychev similarity also to a smooth surface separation, making
it subject for future studies.

One further simplification is made at this stage to facilitate
a fast feasibility study of the method. The axial velocity com-
ponent w decreases to zero within the thin layer zone, which is
of order O(Re ~ **), due to the non-slip boundary condition on
the wing surface [see the axial momentum equations, Egs.
(1)]. Assuming that this happens only very close to the wing
surface, the axial velocity component can be approximated as
w =1+ O(8% throughout nearly all the field.!'! Using this
simplification means neglecting the stretching mechanism of
the vorticity described by the term 2,3, ,w in Egs. (2) and the
source term d,w in Eqgs. (4) in the thm boundary layer zone.
These terms contrlbute in general, to the vorticity intensity
(stretching mechanism) and reduce its viscous core (the source
term). The last approximation is thus valid mainly for slender
wings or bodies having a leading edge with small radius of
curvature that strongly defines the primary separation of the
flow. (This is equivalent to the definition of a Kutta point.)
This approximation is also valid for a slender configuration at

high angle of attack where A < 1. In such a case, it can be '

shown [Eqgs. (2)] that the effect of the stretching as well as the
source term are small. It should be remembered that the
present model of the flow still retains the diffusion terms in
the crossflow plane, and so the mechanism of vorticity gener-
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ation on the surface and its normal diffusion along the surface
are retained as well. As a result, it is expected that a satisfac-
tory description of the primary vortex can be obtained, with
somewhat less accurate prediction of the secondary separation
point.

Using the last approximation and rewriting the vorticity
equation in Egs. (2), using dimensional notation for conve-
nient physical interpretation, results in Eq. (8):

29, a0, o0 o0, ,
EY wcosars =+ u ax‘i+v FZ,=VV§'JIQZ ®

with the prime denoting dimensional quantities. Presenting
the solution of Eq. (8) in the form

Q;=Qq [t,z’ — (Uncosa)t, x, y ] )]

reduces Eq. (8) to the classical two-dimensional parabolic
equation:

00, 80, o0l ,
Et—f- u’ o —+v’ P —£=vvl 0, (10)

Equation (10) describes the generation of the vorticity along
the boundary of the wing (or body) due to the no-slip condi-
tion. The generated vorticity is transported and diffused
downstream at a velocity U,cosx (see also Ref. 15). In other
words, the solution of Eq. (10) may be obtained in a plane that
is advected downstream along the body axis. As a result, the
steady flow around slender wings or bodies at incidence can be
described by the unsteady, two-dimensional flow development
in crossflow planes marching downstream along the body axis,
as predicted by the impulsive start flow analogy.'6!” Equation
(10) even extends the domain where the impulsive start flow
analogy is applicable by allowing for varying cross-sectional
shape while moving along the wing or body axis.

Solution Procedure
Overall Approach

The present solution adopts the ADI method coupled with
the vorticity stream function equation, as recommended in
Ref. 9. For the purpose, Eq. (10) is rewritten nondimension-
ally in cylindrical coordinates (r,6) in the transform plane,
using conformal mapping and stream function notation to
obtain Eq. (11) for slender delta wings in a nonconservative
form:
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Where Jj is the Jacobian of the conformal mapping, b =b'/
Bpare, @ =Q,/b(7), ¥ = Y/b(7), ¢ = ¢/b(7), and s is defined as

TN
s = j @dg 12)

The kinematic boundary conditions and the no-slip condition
on the wing (r = rg):

Dr’ Y
e (13)
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and ¢ is given explicitly as

322, <1 i)en 14
“ T80 ra ! a4

In this particular case, both 3,y and dy¢ at r = ry are identi-
cally zero. Far from the wing, the velocity disturbances must
vanish. In general cases, the inner solution for large r is
matched to the outer solution in the vicinity of r — 0 by
applying the asymptotic matching technique to obtain the free
constant g(z) described in Eqgs. (5) and (6). In the present
study, a delta wing with very small thickness is computed so
that g(z) is taken to be zero (similar to the slender-wing
assumption).

Expressions for Aerodynamic Coefficients

Some further development of the equations leads to an
expression for the pressure on the wing surface in the present

case:
j” o0 de 15
- r
] as)

* —
Cp =

Reb(7)

where ¢} denotes a pressure coefficient defined by a reference
pressure on the surface and the crossflow dynamic pressure.

The expression for the normal force coefficient in this case
is then obtained as

1 -2 1 (2nx a0
Cx =10 <ro + —) —= § s — costidgidr  (16)
’ o Re ), J, or

where ry is the local radius in the transformed plane that
represents the wing surface. It should be noted that Eq. (16),
obtained for incompressible flow, is identical in its form to the
equivalent one presented in Ref. 13, for compressible flow:

Cy/sina =fi (\, M, = 0) a7)
As pointed out in Ref. 13, it is interesting to compare the
Polhamus suction analogy!® with the results of the present
theory. According to the suction analogy, the lift coefficient is

given by

C. = K, sinacos’a + K, sinacosa (18)

Fig. 2 Example of elliptical cross-section conformal grid.
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For slender delta wings, the theoretical values K, = mAR/
2 = 4ritana and K, = 7 may be assumed, and so the normal
force coefficient takes the form

Cy = 74\ + 1}sin’e (19)
Equation 19 is similar in its form to Eq. 16.

Numerical Computation Scheme

The computations are carried out using second-order accu-
racy in space and first-order accuracy in time. Considering
that y¥+1 = ¥ + ¢, and @+ ! = Q% + Q,, where the subscript
1 denotes the correction at time level £ + 1, then the vorticity
equation and the stream function equation can be written in a
nonconservative form in the transformed plane'® as
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here, f is the finite difference approximation of Eq. (11) at
time level k, whereas v¥ and v/ are defined as

vk = )\—abr 1- l) + 1 iy — 80 |* (242)
r a7 rt r

vk = 1 )ﬁé 2 sin (20) + &;y + 13,-¢ k (24b)
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A small streamwise derivative (3Asd,y) is added to the stream
function equation in order to give it a parabolic type nature,
which is necessary for the ADI formulation. The parameter 3
is chosen arbitrarily. All the partial derivatives have been
replaced with their central difference operator, where §; and 3,-
represent central difference with respect to the r coordinate
and the 8 direction.

The time step is found to be sensitive to the smallest radius
of curvature and also the Reynolds number.

In order to prevent numerical dispersion waves that are
typical to central differencing, a first-order upwind difference
scheme of the advection can be used; however, this technique
tends to smear the results since it introduces an artificial
diffusion. On the other hand, a fourth-order artificial viscos-
ity that has been added explicitly has severely reduced the
required time step.

A stretched coordinate is used in the radial direction as
follows

n—r  (—rd)t
ri=roe —_—t 25
! 0P l:zro Re (rmax_r0)3 ( )

where 7; is evenly spaced in the transform plane and r, is the
maximum computational length that is used. An evenly spaced
grid is chosen in the # direction. An example of the elliptical
cross-section conformal grid appears in Fig. 2.
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Fig.3 Lift coefficient of slender delta wings.
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Fig. 4 Lift and pitching moment coefficient vs aspect ratio at oz =20
deg.

Results

Aerodynamic Coefficients

The feasibility and accuracy of the present method are
tested by computing a series of slender delta wings with aspect
ratio of 0.25, 0.35, 0.50, 0.70, and 1.0 in steady incompress-
ible flow, at angles of attack up to 30 deg. For an accurate
comparison with experimental data and because the present
numerical code has to be modified to include a sharp leading
edge, the overall lift and pitching moment coefficients (com-
puted for cross sections having a maximum ellipticity ratio of
10) are first-order extrapolated to an infinite ellipticity ratio
(zero leading-edge radius). The extrapolated coefficients are
then compared with experimental data for various delta wings
having sharp leading edges.?0->* The variation of the lift coeffi-
cient C; with increasing angle of attack is presented in Fig. 3.
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Fig. 5 Surface pressure distribution for A=0.33 (4R =0.7 at =15
deg).

The calculated results of the present method show an excellent
agreement with experimental values for the first four wings,
up to an aspect ratio of 0.7, but tend to be higher by about
10% for the AR = 1 wing. The difference between the calcu-
lated and experimental values in the last case is mainly due to
the fact that trailing-edge effect is not included in the present
method. As a result, the typical decrease in wing load is not
captured there, causing an over-prediction of the lift and
pitching moment coefficients. The overprediction is expected
to be minor for very slender wings, and becomes more pro-
nounced as the slenderness ratio of the wing decreases (see also
Ref. 13). A similar behavior can be seen in Fig. 4, where the
variation of lift and pitching moment coefficients with aspect
ratio for various delta wings at o = 20 deg is shown. The
present results for low aspect-ratio wings show a good agree-
ment with experimental data obtained from Refs. 20-24, being
also very close to the results computed using the Polhamus
suction analogy shown in the same figure. The present results
show a deviation from the experimental data as the aspect
ratio increases above 0.7.

Pressure Distribution

The first example of the spanwise pressure distribution,
computed at z/L = 0.40 of a delta wing is presented in Fig. 5,
using A = 0.33 at Re = 10? (corresponding to a streamwise
Reynolds number of the order of 10°). Note that the pressure
coefficient C, in Fig. 5 is defined by Eq. (15), using the
crossflow dynamic pressure and a reference pressure that is
half of the pressure difference between lower and upper wing
surface points at its root. A sharp spike of pressure is observed
at the leading-edge tip. This spike is typical of slightly rounded
leading edges,?? due to the strong acceleration of the flow
around the slightly blunted edge, before its detachment. This
pressure spike does not exist in the case of a sharp leading
edge. Excluding the edge effect, the main pressure peak in Fig.
5 is due to the effect of the primary vortex. A small secondary
peak due to the effect of the secondary vortex is also apparent.
The present results underpredict the primary pressure peak
when compared with experimental results of Ref. 25, for the
same A, testing a wing of AR =0.7 at o =15 deg and low
speed of 80 ft/s. This is possibly due to differences in the exact
edge shape and the higher Reynolds number of the experi-
ment. A similar comparison appears in Fig. 6, this time for a
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Fig. 6 Surface pressure distribution of A=0.33 (4R =1.0 at &=20.5
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Fig. 7 Surface pressure distribution for A=0.50 (4R =0.7 at «=10
deg).

delta wing having A = 0.33 at z/L = 0.3, computed also at a
chord-based Reynolds number of the order of 10°. The results
are compared with the experimental data of Ref. 26, obtained
for a delta wing of AR =1, o = 20.5 deg, at a low speed and
a chord-based Reynolds number of 9 x 10°. Figure 6 also
includes the calculated results of the full Navier-Stokes
method of Ref. 5 for the same case. The second-order, fine-
grid, upwind scheme of Ref. 5, yields the best fit with experi-
mental data on the leeside of the wing. The present method
seems to give roughly the same level of comparison as the
results of the first-order, fine-grid, upwind scheme of Ref. 5.
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Fig. 8 Crossflow velocity field for AR =1 delta wing, z/L =0.9 at
a =20 deg.

The difference between the present results and the other data
close to the leading edge in the windward side is caused by the
difference in the cross-section edge shape between the cases.
Reference 27 shows that the actual elliptical influence of the
trailing edge for this wing becomes significant already at z/
L=0.5, and indeed the calculated results of the present
method overpredict the experimental data beyond this station,
as expected (not shown). A good comparison turns out for the
third case, shown in Fig. 7. The calculation is carried out using
A=0.5 at z/L =0.4 and at a streamwise Reynolds number of
10°. Good agreement exists between the computed results and
experimental data of Ref. 28, obtained for a delta wing of
AR =0.7 at =10 deg and a low speed of 80 ft/s. The out-
board location of the secondary suction peak is typical to the
spanwise pressure distribution of delta wings at low Reynolds
number.?’

Crossflow Velocity Field

A typical velocity vector field in the crossflow plane is
shown in Figs. 8 for an AR =1 delta wing at & = 20 deg and an
axial station of z/L =0.9. The calculation is carried out at
streamwise Reynolds number of 10°. The experimental mea-
surements of Ref. 29 for the same wing (at streamwise Rey-
nolds number of 9x 10°) are added to the same figure for
qualitative comparison (note the different cross-section
shape). The position of the primary vortex core seems to be
similar in both cases, but the secondary vortex is more devel-
oped in the computed results. The centerline saddle point is
evident in both cases at roughly the same height above the
wing surface. This figure shows that the present method is
capable of capturing very fine details of the flowfield in the
crossflow plane.
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Vorticity Contours

A sequence of crossflow planes that shows the development
of the vorticity contours along the wing appears in Figs. 9a-c
at axial stations z/L = 0.2, 0.53, 0.83. The computed vorticity
contours are obtained for A=0.5, at a crossflow Reynolds
number Re =10°, using a time step of min(J; /100 and a
mesh of 60 grid points in the radial direction and 108 points in
the circumferential direction (half plane).

In Fig. 9a (z/L =0.2), the primary vortex is not yet fully
developed and it lies close to the wing surface, with signs of a
secondary vortex staring to emerge from the surface. Follow-
ing the evolution of the flow along the wing axis, Fig. 9b
(z/L = 0.53) shows that the primary vortex at this station is
much more developed, moving up and occupying a larger part
of the wing span. The secondary vortex at this station is
stronger and larger in size, clearly affecting the separated
shear layer that feeds the primary vortex. The interaction
between the secondary and the primary vortices is caused by
viscous effects (shear and entrainment of the fluid particles).
As a result, the primary vortex feeding sheet gets thicker,
losing some of its momentum, and possible becoming less
stable. Some fluid entrainment also occurs between the al-
ready rolled-up primary vortex sheet and the secondary vor-
tex. Traces of a possible weak tertiary vortex appear in Fig:
9b and 9c, just beneath the secondary vortex. Figure 9¢ furthe,
describes the development of the vortex flow in the crossflow
plane, at z/L =0.83, with essentially the same features that
appear in Fig. 9b. The wavy disturbance in the primary vortex
outer contour line in Figs 9¢ is probably the result of insuffi-

a)z/L =0.20

b) z/L =0.533

¢) z/L =0.866

Fig. 9 Chordwise development of crossflow iso-vorticity contours,
A=0.5, Re =103 .

SOLUTIONS FOR SLENDER WINGS AT HIGH INCIDENCE 503

cient grid resolution in this region of the flow. It should be
noted that the description of the flow phenomena appears to
be more sensitive and informative using vorticity contours
instead of classical stream function contours. Figures 10 show
the experimentally measured vorticity contours obtained by
Ref. 29 for a 75 deg delta wing at o« =20.5 deg and a chordwise
Reynolds number of 109, at z/L = 0.7. The present calculated
results shown in the same figure capture the flow details,
including secondary separation and its influence on the pri-
mary shear layer.

b) Experiment??

Fig. 10 Crossflow iso-vorticity contours, 75 deg delta wing at
a=20.5 deg, z/L=0.7.

a)

b)

Fig. 11 Crossflow iso-vorticity contours at two different crossflow
Reynolds numbers, A=0.25, z/L =0.99.
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Figures 11 show an example of the vorticity contours ob-
tained at z/L =0.99, for A=0.25 and crossflow Reynolds
number of Re =10? (Fig. 11a) and 10° (Fig. 11b). Both cases
show a well-developed primary vortex. As explained in the
previous case, the higher Reynolds number calculation suffers
probably from insufficient grid density in the primary vortex
region, as appears from Fig. 11b. The Reynolds number seems
to affect the location and development of the secondary vor-
tex. It is clear that the secondary vortex in Fig. 11b, calculated
at Re = 10%, is much more developed than the one in Fig. 11a,
calculated at Re =102 It also seems that the secondary vortex
obtained at Re =10? is located more inboard than the one
obtained at Re= 10°.

Conclusions

The new computational method can be used to calculate the
flow about slender wing or body shapes. Accurate results are
obtained as long as the basic slenderness assumption is met.
The theory developed supports the impulsive start flow anal-
ogy as a valid approximation for slender body vortical flow,
while extending the computational domain to more complex
geometries as well. The present theory arrives at an expression
for the lift coefficient, which is very similar to the one derived
in the Polhamus suction analogy for delta wings. The parabo-
lization of the problem in the inner, viscous flow domain
makes the new method very attractive to use for solving in-
compressible or subsonic flow cases, due the fast plane-march-
ing scheme it employs. The new method shows high sensitivity
in capturing flow phenomena such as primary and secondary
vortex separation, roll-up, and mutual interaction. The vortic-
ity equation formulation used in the present method offers
good insight into, and convenient physical interpretation of,
the flow.

The present calculations prove the feasibility of the new
method while applying some simplifying assumptions to the
flow model. One of the assumptions, namely, neglecting the
axial velocity gradient within the thin boundary-layer zone on
the wing surface, could be removed to obtain a more accurate
model. Such a model would describe the mechanism of
smooth surface separation more exactly, thus improving the
prediction of secondary separation on delta wings and also
allowing for wider domain of geometries to be calculated.
Future studies should include an effort to calculate the elliptic
influence of the trailing edge on the pressure field upstream.
Further development should also include topics such as com-
pressible flow (see Ref. 13), unsteady flow, and asymmetric
flow cases.
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